PLANCHEREL-ROTACH ASYMPTOTICS FOR ISMAIL-MASSON 
ORTHOGONAL POLYNOMIALS WITH COMPLEX SCALING 

RUIMING ZHANG 



Abstract. In this work we study the Plancherel-Rotach type asymptotics for 
Ismail-Masson orthogonal polynomials with complex scaling. The main term of 
the asymptotics contains Ramanujan function A q (z) for the scaling parameter 
on the vertical line 5R(s) = \ , while the main term of the asymptotics involves 
the theta functions for the scaling parameter in the strip < 5ft(s) < 4. 
In the latter case the number theoretical property of the scaling parameter 
completely determines the order of the error term. These asymptotic formulas 
may provide insights to some new random matrix models and also add a new 
link between special functions and number theory. 



1. Introduction 

The Plancherel-Rotach type asymptotics for classical orthogonal polynomials 
are essential to obtain universality results in random matrix theory. The associated 
random matrix models for g-orthogonal polynomials are still unknown today. It 
might be interesting to calculate the Plancherel-Rotach type asymptotics for q- 
orthogonal polynomials to gain some insights to the related random matrix models. 

In [18] we studied Plancherel-Rotach type asymptotics for three families of q- 
orthogonal polynomials with real logarithmic scalings. They are Ismail-Masson 
polynomials {h n (x\q)}™ , Stieltjes-Wigert polynomials {S n (x; q)}^L and q-Laguerre 

polynomials {L^n\x;q)\ . They are g-orthogonal polynomials associated with 

I J n=0 

indeterminant moment problems. The asymptotics reveal a remarkable pattern 
which is quite different to the pattern associated with the classical Plancherel- 
Rotach asymptotics [2HH3]. The main term of asymptotics may contain Ramanujan 
function A q (z) or theta function according to the value of the scaling parameter. 

The Plancherel-Rotach asymptotics for the classical Hermite polynomials are 
needed for the GOE random matrix model. Ismail-Masson orthogonal polynomials 
are the better g-analogues of the classical Hermite orthogonal polynomials and 
they are not of Askey- Wilson family of more general orthogonal polynomials. In 
this paper, we derive the Plancherel-Rotach type asymptotics for Ismail-Masson 
polynomials under complex scaling. We also have explicit error bounds for the 
asymptotic formulas. When the scaling parameter s is in the vertical strip < 
5R(s) < i, the order of the error term is completely determined by the number 
theoretical property of the scaling parameter s. 
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In |21 we list some facts from g-series and number theory. We present the 
asymptotic formulas for Ismail-Masson polynomials under complex scaling in $3j 
Finally we use a discrete analogue of Laplace method to derive these formulas in 

m 

Through out this paper, We shall always assume that < q < 1 unless otherwise 
stated. We also assume that s = a + it is a complex number with a = 3?(s) and 
t = 3(s). All the log and power functions are taken as their respective principle 
branches. 

2. Preliminaries 

2.1. g-series. In this paper we follow the usual notation for g-series, [6l l9j I13j 



(1) (a;g) :=l (a; q) n := ]]_(!- aq k ), 



n 
k 



(<?; q)r 



{q\q)k{q;q) n -k 



and n = oo is allowed in the above definitions. Assume that \z\ < 1, the g-Binomial 
theorem is [6ll9lH3] 



(2) 



(az;q) c 



OO / \ 

\ a '^q)k z k 



v ^- (q;q)k 



which defines an analytic function in the region \z\ < 1. Its limiting case, 



(3) 



(z;q)oo = V — ; — \ — 
^ {q,q)k 



{-z) k ze 



k=0 



is one of many g-exponential identities. Ramanujan function A q (z) is defined as 

[Sana 



(4) 



A q (z) :=£ 



-(-z) fe . 



In order to express our error terms concisely, we also define a related function B q {z), 

OO t-2 7, 

(5) 



OO L.2 il 

B q {z) 



k=0 



(q;q)k 



Clearly, 

(6) 
Since 

and 



k + 1 > 



\A q (z)\ < B q (\z\). 
1 - q k+1 



> (k + l)q k 



q 



< 



i-q 



(q;q) k (l-q^) 
B q (\z\), 



thus, 
(7) 



K(«)|<B',(N)< j-r^^i) 
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The theta function, [6l l9j fl3] 

OO 

(8) e(z\q):= 



n— — oo 



is defined for any complex number z ^ 0. Jacobi triple product identity is 

(9) ®(z\q) = (q 2 ,-qz, -q/z; q 2 )^- 

Ismail-Masson polynomials {h n (x\q)}^L Q are defined as [13] 



(10) 



h n (amh.£\q) = ^ 



k=0 



n 
k 



g fc(fe-n)('_ 1 \fe e (n-2fe)f_ 



They are g-analogues of the classical Hermite polynomials, that is, under a suitable 
scaling, they tend to the classical Hermite polynomials as q — > 1. 
Let 



(11) 
and 
(12) 



1 + r 8tt 
s = — h i t 



log? 



Tie 



sinh£„ := 



q ns z — q ns z 1 



for any nonzero complex number z, then 
fo»(sinh £ n \q) _ 

yriQ—n^s / 4 



(13) 



q 



q 1 



JlnkO-ni 



For any real number x, then, 

(14) x = \x\ + {x} , 

where the fractional part of x is {x} £ [0, 1) and [^J G Z is the greatest integer less 
or equal x. The arithmetic function 

(15) X (n) = 2{|}-n-2 
which is the principal character modulo 2, 

' \ 2\n 



(16) 



2 | n 

We will also make uses of the trivial inequality 
(17) |e 2 -l| < |z|e |z| 

for any zgC. The following lemma is from [18j. 
Lemma 2.1. Given any n 6 N, if a > 0, 

(a;q) c 



(18) 
with 
(19) 



(a;q) T 



= (aq n ; q)^ = 1 + R\{a; n) 



\R\(a;n)\ < 



(-aq 2 ;q) QO aq r ' 
l-q 
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while for < aq < 1, 

(20) 

with 

(21) 



(a; 17)00 (aq n ;q) c 



\R 2 (a;n)\ < 



= 1 + i?2(a; "-) 



aq" 



(1 - q){aq;q) c 



Proof. It is clear from J3]) that 



*(«;») = £ ^ = -«9 £ 



fe=i 



fc=0 



(9; 9) 



fe+i 



Hence for a > 0, we have 

00 

E 



gfc(fc+l)/2/_ a? n-)fc 



fe=0 



(959) 



fc+i 



1 00 _fc(fe-l)/2 

• — V 9 . . (a g " +1 ) fc 



-9^ (9; 9)* 



< 



(-ag 2 ;g) 

1-9 



and lfl9|) follows. Moreover from 



R 2 (a;n) = ag"^ — 



hence 



|i? 2 (a;n)| < 



aq" 



(95 9) 



< 



fe+i 



(1 - 9) (a?™; <?)oo (l-g)(ag;g) c 
which is IpTj) and the proof of the lemma is complete. 



□ 



2.2. Generalized Irrational Measure. For an irrational number 6, Chebyshev's 
theorem implies that for any real number (3 , there exist infinitely many pairs of 
integers n and m with n > such that [11 j 

3 

(22) nO = m + (3 + a„ with \a n \ < -. 

n 

Clearly, Chebyshev's theorem says that the arithmetic progression {n0} nGZ is er- 
godic in K, 

Definition 2.2. Given real numbers 9j and (3j for j = 1, JV, the generalized irra- 
tionality measure . . . , #zvi/3i, • ■ • , Pn) ot 9i, ■ ■ ■ ,0n associated with f3\, . . . , 
is defined as the least upper bound of the set of real numbers r such that there 
exist infinitely many integers n and mi, . . . , tun with n > such that 

(23) | n ^_^_ mi |<_l_ 
fori = 1,..., AT. 

Theorem 2.3. Le£ 6* fee an irrational number, then for any real number (3, its 
generalized irrational measure associated with (3 is u>(6\(3) > 2 . 

Proof. This is a direct consequence of the Chebyshev's theorem. □ 
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The irrationality measure (or Liouville-Roth constant) fJ,(6) of a real number 9 
is denned as the least upper bound of the set of real numbers r such that [27] 

(24) o < \ n e- m \ < -L T 

is satisfied by an infinite number of integer pairs (n, m) with n > 0. It is clear that 
we have 

(25) w(0 10) = fj,(9). 

A real algebraic number 9 of degree / if it is a root of an irreducible polynomial of 
degree I with integer coefficients. Liouville's theorem in number theory says that 
for a real algebraic number 9 of degree I, there exists a positive constant K(9) such 
that for any integer m and n > we have 

(26) \n9-m\>^l. 

n 1 

A Liouville number is a real number 9 such that for any positive integer / there 
exist infinitely many integers n and m with n > 1 such that [27] 

(27) < 1 7i0 - ml < -j—r, 

TV 1 

and the terms in the continued fraction expansion of every Liouville number are 
unbounded. Even though the set of all Liouville numbers is of Lebesgue measure 
zero, it is known that almost all real numbers are Liouville numbers topologically. 

Theorem 2.4. The generalized irrational measure lo(9\(3) has the following prop- 
erties: 

(1) For any real algebraic number 9 of degree I, one has lo(9\0) < I; 

(2) For a Liouville number 9, one has u>(6\0) = oo. 

Proof. The first assertion follows from the definitior l2.2l and l(26|) while the last 
assertion follows directly from the definitions of the generalized irrational measure 
and the Liouville numbers. □ 

It is clear that the quadratic irrationals 9 such as V2 have u(0\0) = 2. 

3. Main Results 

Given a real number 9, we define 

(28) §(0) = {{n9} : n G N} . 

When 9 is a rational number, S(0) is a finite subset of [0, 1). When 9 is irrational, 
the set S(9) is a dense subset of (0,1), which is a consequence of Chebyshev's 
theorem. 

Theorem 3.1. Given any nonzero complex number z, let s and £„ be defined as 
in (flB")) and lfT2|) . we have the following results for Ismail-Masson polynomials: 
(1) When t > 0, we have 

(29) hn ^} q) =l + r im (n\l) 



with 



qB q (q 2 \z\- 2 ) Mr 



(30) |r„„(n|l)| < Y- g )|z|2 g 
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(2) When t = and is a rational number. For any A G there are 
infinitely many pair of integers n and m with n > such that 

(31) n6 = m + \, A = {n9} . 
For each of such integers, 

, ^ hJsmhUq) A fe 2XlTi \ . 

( 32 ) z n g -n./2 e -JL = A * {-?-) + 

and the error is majorized as 

(33) |r- (rr-)\ - 3{ - q3;q)Mzn L^ I ) 

(33) \r m [n\2)\< {l _ q)(q . qU |« + |z|2Ln/2j j ■ 

for n is sufficiently large. 

(3) When r = and is an irrational number. Given any real number /3 and 
a real number p with 

(34) < p < u(0\0) - 1, 

there are infinitely many pair of integers n and m with n > such that 

(35) n6 = m + {i + ln | 7 „| < 
Tften 

( 36 ) z „ r n^ e -n%. = ^ J +eim(n|3) 

48(-g 3 ;g) 0O S 9 (|z|- 2 ) / log 2 n , 1 



(37) |e im (ra|3)| < 



(38) 



and 

4 1 2 
0/ log n 

1 + logg" 1 

for n is sufficiently large. 
(4) When — 1 < r < and 6o£/i r and are rational. Assume that for some 
A G S(— r) and some Ai G §(#), there are infinite number of positive integers 
n such that 

(39) — tit = m + A, m = [—rn\ , A = {-rn} 
and 

(40) n6 = m 1 + \ 1 , Ai = {n<9} . 
Tften /or eac/i SMc/i n, mi, and 7712 , we have 



/i„(sinh£ n |o/) = 



z n^-n 2 s+ |m/2J (rn+ L"i/ 2 J ) 



(g; <Z ) 00 (-z 2 e - 2 ^ 1 ) L " l/2J 

(41) X {6 (_^2^(m)+A e -2xiA 1 | ^ + rim („| 4 )} 
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(43) 



v„ = mm 



(l + r)n 



— Til 



(5) 



(44) 
(45) 
(46) 



for n sufficiently large. 

When — 1 < t < , t is rational and is irrational. Given a real number 
13 e [0, 1) let 

< p < u(0\0) - 1, 
iftere are infinitely many positive integers n, 



n9 = mi +l3 + b n , \bj< 



1 



and some A e S(— r) wii/i 

— fir = m + A, m = [— nrj . 
For eac/i smc/i A, /?, n, m, we /iaue 



/i„(sinh£ n |g) 



z nq-ri s+ [m/2\ (rn+ \m/2\ ) 
(_ 2 2 e -2n07ri)LW2j (^g)^ 



(47) 



^ m (n|5)| 



with 



\n m (n\5)\ < 



(48) 



62(-g 3 ; g )g o e(|z| 2 | yg) 
(1 - q) 2 (q;q)oo 



|2i/„ 



and 



(49) 



(6) 



(50) 
(51) 
(52) 



q log n 
1 + logg- 1 

for n sufficiently large. 

When — 1 < t < 0, t is irrational and 9 is rational, Given a real number 

13 e [o, l) to 

< p < w(0|/3) - 1, 
there are infinitely many positive integers n, 



tit = m + [3 + a n , |a„| < 



nP 



and some A e §(6>) with 

n9 = mi + A, A = {n#} . 
For each such A, /?, n, m, we ftaue 

z riq-n 2 s+ |m/2J (rn+ [m/2] ) 



/i„(sinh£„|o/) 



(53) 



(_ z 2 e -2r l e 7rt )LW2j( g;g ) oc 

x {e (-z 2 q xW+Pe- 2X ™ | g) + r„„(n|6)} 
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with 



(54) 



< 



62(-< Z 3 ;g) 2 oo e(|z| 2 |V9) 



(1 - q) 2 {q\q) OCI 
^ll 2 



\2v n 



log n 

nP 



and 



(55) 



q 4 log n 
l + logg- ] 



for n sufficiently large. 
(7) When — 1 < r < , both r and are irrational. Assume that there exist 
two real numbers Pi, 02 G [0, 1) with u>(— r, 0|/3i, /fe) > 1- Then for any 

(56) O<p<w(-T,0|/?i,/3 2 )-l 

i/iere are infinitely many positive integers n such that 

1 



(57) 



(58) 



(59) 



(60) 



to = m + /3i + <x« 



< 



and 



n9 = mi + 02 + b n , 
For each such Pi, P2, n, m, we have 

(sinh£„|g) 



im < - P - 



Z n„-T? s+ [rn/2] (rn+ [m/2] ) 
(_ z 2 e -2ne^)Lm/2j 



t H7)} 



with 



\r im {n\7)\ < 



62(-q^q) 2 00 &(\z\ 2 \ y /q) 
(1 - q) 2 (q;q)oo 



\z\^q< 



fl/ 2 log 2 n 



\z\< 



nP 



(61) 



g 4 log n 
1 + logg~ ] 



for n sufficiently large. 



Remark 3.2. In the cases when only r or 9 is irrational, say t, if it is an algebraic 
number of degree I, then we could take the corresponding P = 0, and the order of 
the error term is no better than 0(n 1- '), when this number is a Liouville number, 
however, the order of the error term is better than any 0(n~ k ). It is clear that the 
scaling i!12[| with r < — 1 won't give us anything interesting. 
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4. Ismail-Masson Polynomials 
In this section, we have used the following inequalities 
(62) 0<(o;?) n <l, (-6,g)n>l 

for 0<o<l,6>0 and for n € N or n = oo. In the proofs l4~lTl4,3l we will use the 
inequalities 

(63) 

for < k < n and 
(64) 



0< <l 



(<?; q)n-k 



{q;q)r 



(<?; q) n -k 

for < k < This can be seen from 

/rk\ (g; q)n 

(65) 7 \ 

(<?; q)n-k 

and Lemma I2TT1 

In the proofs I4~4l44,7[ we have 



< 



3(-q 3 ;q)ooq n/2 



(i - <?)(<?; 9)00 

{i?i(g;n-fc) + l} x {R 2 {q;n) + 1} 



1 < r < 0. 



(66) 
and 

(67) 

for n sufficiently large. Assume that 

(68) — m = m + c n , < c n < 1, < m = [— rn\ , 



,1 + t-t. 
2 <C f n < n mm < — - — , — — > < — 



(69) 
Then 



n9 = mi + d n , < d n < 1, mi = 
/i„(sinh„ 1 9) 



E 

Lm/2j 

E 

fe=0 



Jfe 



k 



2nk9iri 



(70) 



E 

fe=L m /2j+l 



n 
k 



2nk87ti 



We reverse the summation order in si to obtain 

5i(<Z;g)oo(-2 2 e- 2 " e ")LW2j _ L™/ 2 J 

fe=0 



(71) 

with 
(72) 



,Lm/2j(rn+L"i/2j) 



£ «*' (- 



. 2 2 ^x('")+c,, e -27ri. 



d ») fe e(fc,n) 



e(fc,n) = (g;g) c 
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Since < g < 1, it is clear that 

(73) \e(k,n)\<l 

for < fc < L^J . Observe that 

e(k,n) = {i? 2 ( ( ?;n) + l}x{ J R 1 ( (Z ;^J - fc) + l} 

-fc) + l}. 



(74) x {^(g 

By Lemma |2TT| we get 



(75) 



|e(M)-l| < 



7(-g 3 ;g) 2 g"" + 2 
(i-g) 2 (g;g) c 



for < k < v n - 1. 

In sum S2 we shift summation from k to k + \_f\ to get 



(76) 

with 
(77) 



*2 



(g;g) 0O (-z 2 e- 2ne7r4 )L™/2J 



n-|m/2j 



Jm/2J (rn+|m/2j) 



k ( _ t v-2„-x(m)-c n _27rW„ 



/(*,») 



fc=l 



/(fc,n) = (g;g) c 



Lfj+fc 



for 1 < fc < n - [f \ . Hence 

(78) |/(M)|<1 
for 1 < fc < n - LtJ ■ A PP!y Lemma IO to 

/(fc,n) = {ik(g;n) + l}x{iJi(g;[^J+fc) + l} 

(79) x {i?i(g;n- 
we obtain 



7(-g 3 ;g) 2 0O g"' +2 

(1 - g) 2 (g;g)oo 



(80) 

for 1 < k < v n — 1. 

4.1. Proof for the case t > . 

Proof. From (fl3| one has 

(81) M^nlg) = 

v ' z"g~" s 

and 

q rn 



(n|l), 



(82) 



,(*|i) = E 



/c=i 



7? 
fc 



2nk6ni 
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Thus 

q k2 (q;q) n ( q Tn \ 



\r im {n\l)\ < V, 

fr[ (q;q)k {q\q) n -k 



2 



72 / \ k 

k I ~m \ 



fc: 



r[ (q;q)k 



|2 
Z\ 



7 2 / \ 



< T-2—l — 



k 



-[ {q\q)k 



(83) < gggffl^) g m 

(83) " (i- 5 )N 2 9 • 



4.2. Proof for the case r = and rational 

Proof. We have 



= E 



q ( c 



q I o 



OO 

fc=t/2j (<Z;?)fe 
|n/2J-l k 2 



k 



+ 



+ E 



^ / e 2 ^y f ( g;g ) m _ j 

£^ (?;?)fc V z 2 ) \(q;q)n-k 

q k2 ( e 2A -\ fe (q;q) n 



/ e 2A7r«\ 

(84) = A q ( —5- J + Si + S 2 + S 3 . 

Then 

00 fc2 ( 1 \ fc 
|«i+«3| < 2 V [—J 

r 8 5) = 2 g " 2/4 ^ (|z| ' 2) 

^ J " (<z;g)oo|z| 2 L»/2J' 

and 

(1-9)0?; 3)00 

Therefore 

^(ainh^lg) f^ +r . W2 ) 



a 
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(88) r lm (n\2) = Sl + s 2 + s 3 
and 

(89) |r- W2)| < *±flM^n Ln/2 + 

(89) |r lm (n|2j|< (1 _ g)(g;g)oo j« + | z |2 L n/2j 



4.3. Proof for the case r = and (9 irrational 

Proof. Assume that 

4 l 2 

log n 



1 + log q 1 



(90) 

we have 

h n (smh£ n \q) ^ g* 2 ( e 2 ^\ k (q; q)-^ iU " 

k 



T — 



z n q -ny2 e -n^ni " ( g . ? ) fc ^ z 2 y (q; g)„_ fc 



fa 



qk z / e 27ri/3 



E 



9 



fc=.„ 



+ y 1 1 k2 ( e^\ k \ (q;q) n 1 
(q;q) k \ z 2 ) \{q;q) n -k 



# / e 2^ v {q . q)n 



+ E 



„fc 2 



^ {q;q)k \ z 2 ) {q-,q) n -k 



(g; q)n 2irik~i n 



, , n (<?;<?) fe V z 2 J {q\q)n-k 

/ e 27Ti/3\ 

(91) = A q i—^-j + Sl + s 2 + s 3 + s A . 
Then, 

(92) < 

Clearly, for sufficiently large n, 

(93) i/„ « n min ^/8 
and 

(94) g"/ 2 « ^ 

nP 
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hence 
(95) 



3(-q 3 ;q) oo B q (\z\~ 2 )\0g'n 
5)oo nP 



It is clear that for large n, 



(96) 

and 

(97) 

Let 

(98) 

then 

(99) 

with 

(100) 



i|< 



nP 



24B q (\z\- 2 )log 2 n 



\*s\< 



nP 



ei m (n|3) = si + S2 + S3 + s 4 
(sinh£„|g) 



= A a 



n a -n 2 /2 e -n 2 Bni ^1 \ z 2 



z' l q 



e im (n\3) 



i(»|3)|< 



48(- g 3 ;g) 0O i? g (|z|- 2 ) log^n | 

(i-q)(q;q)ec ] nP \z\ 



2//„ 



for n sufficiently large. 



4.4. Proof for the case 1 < r < rational and 8 rational. 

Proof. Assume that 
(101) 



v„ = mm 



(1 + r)n 



From (|7l"Tl we get 

si (- z ^ e - 2 ^) lm/2i 



{q;q)c 



Jm/2j(i-n+|m/2j) 



fc=0 



k—y n 



□ 



fe=0 
[m/2j 



fe I ,2 v(rn)+A -2™Ai 



(102) 



k=v n 
oo 

^q fc2 (_ z 2 gX M+A e -2«A 1 
fc=0 



e(k, n) 



Sll + S12 + S13. 



Then, 
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\au + 8 19 \ < 2^ ^ (|z|V M+A ' ' 

k—u n 

oo . 

<2 M 2 -^£<z fc2 (M 2 <z ' ^ 



(7 x(m) + A 

(103) _ 2(-)(|-r I 

and 



l*12| < 

(104) < 



7 ( g ;g)oog' / " V//|j2 n xW+Aa 



fc=0 

,3.^2 



7(-g 3 ; ^9(1^1^" 

(i - q) 2 (q;q)co 



Let 

(105) ri(n) = sh + s X2 + si 3 , 



then, 

„ / r 2.-27riAi\ LW2J / s 

("6) 3l( '; L : /aJ ,i Lm/ J"""" = X>" (-.*«*■>«.-*«")' + ,,(») 



k=0 



dor) |n(n)l< (1 _ g)2(g;g)oo {<H*I 

From (l76l) we obtain, 



j.-w^LVaj / n oo ...... sfe 



S2 (_^ e -w 1 )L»./^j (g;g) 

q \m/2\ (rn+|m/2j) 



IV (- 



•2 ~ 2 g~x( m )~ A e 27 ™ Al 



fc=l 



„A J . 2„ \tm> \, 2-iA, 



q ( — z q ^ ' e 

k—V; 



+ «*" {-z- 2 q- x{m) - X e 2mX ^ (f(k,n) - 1) 

fc=l 

n- [m/2j 

— OO , 

(108) = ^ (-^ 2 g x(m)+A e- 2 " Al ) ' + *21 + *22 + S23, 



fc=-l 
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then, 

k 



|s 2 i+ S23 | < 2^<l k2 (\zr 2 <l- x{m) - X ) 

k=V n 



< 2- 



I |2i/„ 



< 2 ^ /2 Er = og fc2/2 kr 2fc 



I |2i/„ 
2 



(109) < 2- V 'J ' 



2 



for n sufficiently large. 
In the sum S22, we have 

7/ „3. „\2 „;/„+2 00 
1 1 ^ .gjoog „fc 2 /2+fc 2 /2-2fc|„|-2fc 

|S22 ' " d-^te;^ g 9 

7(-g 3 ; g) 2 ^" ^ fe 2 /2 2fc 
" (1 - q) 2 (q;q)oc ^ ' ' 

[ ' ~ (i-5) 2 (?; 5 )oo 

Hence 



J fe=-l 

with 

(112) r 2 (n) = s 2 i + s 2 2 + S23 
and 

7(-« 3 :«l 2 Odd 2 I ./TTl f a v H 2 

(113) |r 2 



(n)|< 7( -f^ e(l t'^ ) |^ + 1 



(i-9) 2 ta«)c„ y \z\ 



2^„ 



for n sufficiently large. 

Thus 
(114) 

(_ JB 2 e -2 W iA 1 )LW2J ^(sinh&lgXag), 



z rig-ri 2 s+Lm/2j(rn+Lm/2j) 



= 6 ^_ z 2 g x(m)+A e -2 W iAi | ^ + r Jm („|4) 



with 



(115) |r- (n|l)|< 14( -^ g) " e(|z|a| ^ U |^L-|^ I ^ 
(115) |r, m (n|4)|< (i _ ^ ^ |« N + ^ 

for n sufficiently large. 



□ 
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4.5. Proof for the case — 1 < r < rational and 9 irrational. 



Proof. The existence of A with infinitely many positive integers n satisfying ((45 
and f46|) is guaranteed by the fact that S(— r) is a finite set. 
It is clear that for sufficiently large n, we have 



(116) 2 < v n = 

From (J7TJ to get 

si(g; g)oo(-z 2 e- 2 " 9 ")L m / 2 J 

„|m/2j(™+|m/2j) 



(117) 



4 l 2 

5 log n 
l + logg- 1 



Lm/2J 



^ g fc (-zV M+A e- 27r4/3 e' 2fc " b "e(fc,n) 



oo 



£«*(- 

"5=0 
OO 

E «** ( 



z 2 9 x(m)+> e -27ri/3 



-z 2 (7 x(m)+A e~ 2Tri ' 3 



k= 
"n-1 



+ £* fe - 



y 2 v(m)+A„-2 1 ri J 8\ ( -2kmb n 



{ e - 2fe « 6 » - 1} 



fc=0 
f«-l 



k=0 
[m/2J 



2„x(™)+A e -2«/3 \ '• e -2knib n {e(fcj n ) _ 1} 



+ ^ f -2 2 ^< m )+ A e' 2 ^ e- 2fc " b "e(fc,n) 



k—i/ n 



E «*(- 



fc=0 



then 



|sh + si 4 | < 2 ^ (7 

k=is n 



fc2 'z| 2fe 



(118) 

and for sufficiently large n, 



< 2|z| 2 -^^^|z| 2fe 

fe=0 

< 29(|z| 2 |^)|z| 2 ^g^, 



nP 



,a e \A 2k 



\S\2\ < —2^' 

k=0 

12 I nf\ 1„„.2 , 



(119) 



< 



246(|z| 2 | yg)log 2 n 



nP 
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and 

M " (i- 9 ) 2 («; 9 )oo N 



Hence, 



o f„. „"\ l' ,2„-2n07ri\|m/2 00 . i. 

y fc=0 

with 

(122) ri(n) = s u + s 12 + s 13 + su 

and 

(123) 



31(-g 3 ;g)g o e(|^| 2 | ^g) f ^ ^ log 2 n 

r H n ) < 77; 7T7 \ ^ 2 1 H 



for n sufficiently large. 
Prom f76l) we obtain 



a \m/2\{ T n+\m/2\) 



q k (-z- 2 q-^' X e 2 ^ 1 ) e 2k ^f(k,n) 

fe=l 
00 

fc=l 
OO 

k—u n 
v n -l 

+ J2 (-z- 2 q- x{m) - X e 2 ^Y {e 2k7rtb " - 1} 
fc=i 

v„ -1 , 

+ ^ g*" (-Z- 2 < Z -XM-A e 2/3 7 T^ e 2fe« 6 „ {/(jfc >n ) - 1} 



k=l 

n- \rn/2\ 

+ ^] g* 3 (-^-V xM " A e 2/37ri )% 2fc7ri6 "/(A:,n) 



k—v n 
— 00 



(124) = ^ q k2 (-2 2 g"W+A e -2^j + S21 + S22 + S23 + S24; 

fc=-l 



then 



I . I ^- o fe 2 -2fci i-2fc 

IS21 + S24I < 2 2^ 9 |z| 



< 2|z|- 2 "-g"»- 2 "»^g fe /2 | 
I 2 I ./H)n»V 2 



z\- 2k 



(125) < 



26(|z| 2 I y/q)q» 
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nP 

k=0 



(126) < 240(k! 2 I V9)lo§ 2 « 



and 



7(-g 3 ;g)g Q g' y ' 1+2 \p fc 2 /2+fc 2 /2-2fc| |-2fc 

1 231 " (i-«) 2 («;g) r - ^ 



< 



(1 - q) 2 (q;q)oo 



£<z fc2/2 i-r 2fe 

fc=0 



(127) < 



n-g^gj^edzl 2 | yg) log 2 n 



(l-g) 2 (g;?)oo nP 
for n sufficiently large. Therefore 

« ^ f ,2„-2ne7ri\|m/2| -°° . . t 

^ fe=-l 

with 

(129) r 2 (n) = S 2 1 + S 2 2 + «23 + s 24 

and 

3i(-g 3 ;<z)L©(kl 2 l V?) J^" /2 , io& 



(130) |r 2 (n)| < 



2 n 



(l-<z) 2 (g;<7)oo \\z\ 2 ^ nP 



for n sufficiently large. Combine (| 1 2 1 j) and l|128p we get 
(131) 

( _ z2e -2n 9ff i ) LW2j /tw ( sinh g n | g ) (g;g)oo _ , A ^ x 

z „ - n 2 s+ |m/2j(-™+|m/2J) V 9 l?Jtr, m in|Oj 

with 

(132) r im (n|5) = n(n)+r 2 (n) 
and 

(133) K. W ,i^f^l^{^^^} 

for sufficiently large n. 

□ 



4.6. Proof for the case 1 < t < irrational and 9 rational. 
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Proof. Observe that 

Sl (< Z ;g) 0O (-z 2 e - 2 " e7r4 )LW2j 



(134) 



and 
(135) 



q \m/1\{Tn+\rn/1\) 

Lm/2J , N k 

= E 1^ (-^ 2 9 x(m)+/3 e- 2 " A ) q ka -e{k,n) 



k=0 

_ z 2 qX (m)+f3 e -27Ti\" h 



k=0 

k 



_ z 2 q x(m)+P e -2TTi\ 



oo 

E «* (- 

q k2 (- Z ^ q x(m)+0 e -2niXy | g fea„ _ ^ 

^ 9 fe2 (- Z 2 9 x(m)+/3 e -2 ff iA^ q ka n {e(fcj n) _ 1} 

m/2j , x fe 

J q k2 [-z 2 q^ + Pe- 2mX ^ q ka -e{k,n), 



k—u n 



S2(q; g ) 00 (-z 2 e- 2 " 9 ")L'"/2j 

g |m/2J(rn+|m/2J) 
n- Lm/2j 

= E (-r 2 fW-/J e 2wj q- k ^f{k,n) 



fe=i 

-oo 



fc=-i 



£ «** (- 

fe=-l 
OO 

- £ {- Z -\-x{m)-P e 2X^' 
k—v n 

+ E <? fe2 (-z-v x(m)_/3 e 2Awi ) fc {<r fea " - 1} 

fc=l 

L/ n -l fe 

+ E ^ (-^V^" 0- ^ 2 *™) g - fca " {f(k,n) - 1} 
fc=i 

n-|m/2J , 

+ / ! (-z-V*W^e a j q- ka -f{k,n), 

k — l^n 

and the rest of the proof are straightford. 



4.7. Proof for the case — 1 < t < irrational and 6 irrational. 
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Proof. In this case we have 

si(g;g)oo(-2 2 e- 2ri( ^) Lm/2J 



(136) 



and 
(137) 



? L"i/2j(r«+|m/2J) 

L " l / 2 J , \ k 

= E q k ' 2 (-z 2 q^+^e- 2 ^) e- 2kmb "q ka -e(k,n) 



k=0 



00 b 

^2q k2 (-z 2 q x{m)+f)l e- 2 ™ f)2 ^j 

fe=0 

g fe2 ^- Z 2 (? x(™)+/3i e -2«/3 2 ^ ' 
y„-l , 

^ g fc2 (_ z 2 <z x (m)+/3l e- 27 "' 32 ) |(z fea " - 1} 

fc=0 

y„-l fc 



fc=0 



+ ^ g fe2 (_ z V M+/3l e~ 27r4/32 ) fc e- 2 ^ 6 "<z fca " {e(k,n)-l} 

Lm/2J 2 N* 
+ q k2 (-z 2 q* ( - m ') +l3l e- 27 ' ll3 A e - 2kmbn q kan e(k, n), 

k—v n 

S2(q;q)oo(-z 2 e- 2n0 ™)t m W 

q \m/2\ (rn+\rn/2\) 
n-\_m/2\ 

= S 9 fe2 (-^ 2 ^ x(mK/3l e 2 ' 32 ") e 2fe ^g- fea "/(fc,n) 
fc=i 

—00 , 

= ^ q k 2 ^_ jZ 2 ? x(m)+0i e -2/3 2 7r»^ 
fe=-l 

oc , 
k=v n 

+ 11^ (-z-iq-x^-^e^y {e 2kmb " - 1} 
fe=i 

fe=i 

v„-l fe 

^ q k2 (- Z - 2 g -'=('")-fte 2ft j e 2fari6 ng -fca„ „) _ 1} 

fe=l 

n- |m/2J 

53 <Z fc2 (- z -2 ? -xM-ft e ^«) e 2fc ^"g- fca "/(fc^) 
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To finish the proof, we have to estimate the sums above, but they are very similar 
to what we have done in the other cases, we won't repeat these details here. 

□ 
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